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Abstract 

With the latest results of a large mixing angle #13 for neutrinos by the T2K, MINOS 
and Double Chooz experiments, we find that the self-complementarity (SC) relations 
agree with the data in some angle-phase parametrizations of the lepton mixing ma- 
trix. There are three kinds of self-complementarity relations: (1) •di + 'dj = "&k = 45°; 
(2) = (3) fii+dj = 45° (where i, j, k denote the mixing angles in the angle- 

phase parametrizations). We present a detailed study on the self-complementarity 
relations in nine different angle-phase parametrizations, and also examine the ex- 
plicit expressions in reparametrization-invariant form, as well as their deviations 
from global fit. These self-complementarity relations may lead to new perspective 
on the mixing pattern of neutrinos. 
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One of the most interesting issues concerning neutrinos is the misalignment 
of the flavor eigenstates with the mass eigenstates, which is the cause of the 
oscillations as in the neutrino oscillation theory and is described by the mixing 
matrix phenomenologically [1J. Many experiments are set to get the parame- 
ters of the oscillations well determined so as to get insights into the intriguing 
nature of neutrinos [2]l3]f¥j . 

Just like the Cabibbo-Kobayashi-Maskawa (CKM) matrix [5] describing the 
mixing of quarks, the misalignment of the flavor eigenstates with the mass 
eigenstates in the lepton sector can also be described by a mixing matrix 
which is called the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [5J. 
The PMNS matrix is defined as {Tpmns = U^U^ and can be expressed generally 
as 
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Both the CKM and PMNS matrices can be parameterized by three rotation 
angles and a phase angle corresponding to CP violation as in the standard 
parametrization i.e. Chau-Keung (CK) parametrization [7] 
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Two additional phase angles are needed for the PMNS matrix if the neutrinos 
are of Majorana type. For neutrino mixing, the Majorana phase angles do not 
affect the absolute values of the elements of mixing matrix and are omitted in 
the above expression. 

The angle-phase parametrizations refer to the methods that parametrize the 
mixing matrix with three rotation angles and one (Dirac) or three (Majorana) 
phase angles. Because a real and orthogonal matrix can always be decomposed 
as a product of three rotations of certain planes, there are options about how 
to arrange the orders of these three rotations. Of the twelve ways to do the 
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product, only nine are independent and the standard parametrization is one 
of the nine [515] . 



The experimental progresses have upgraded our understanding towards neu- 
trino mixing in the past several decades. In the attempts of approximating 
the PMNS matrix to a constant matrix and proposing the corresponding the- 
oretical framework on flavor symmetry, the bimaximal mixing (BM) [10] 



have been selected as good description of the data. When working out the mix- 
ing angles in the standard parametrization, both of these two mixing patterns 
predict a vanishing mixing angle #13, which seems to be challenged by the in- 
dication of a relatively large #13 in the recent T2K, MINOS and Double Chooz 
experiments [3] . Therefore new perspectives concerning the mixing pattern of 
neutrinos are needed to accommodate the new experimental results. 

One interesting direction in the investigation of mixing matrices of quarks and 
leptons is trying to find some phenomenological relations among the mixing 
parameters, and then trying to find some theoretical backgrounds or frame- 
works to understand these relations. One example is the quark-lepton com- 
plementarity [12] between the mixing angles of quarks and leptons. Differ- 
ent parametrizations are equivalent to each other mathematically, while some 
phenomenological relations are parametrization-dependent. It is worthwhile 
to explicitly work out the relations in all the angle-phase parametrizations 
as Zheng did in Ref. [8] for the quark-lepton complementarity, and find some 
reparametrization- invariant expressions [13] . From the recent T2K result for a 
relatively large #13, there has been a proposal [2] of some self-complementarity 
relations among the mixing angles of the neutrino mixing matrix in the stan- 
dard parametrization. The purpose of this work is to explore the phenomeno- 
logical relations among the mixing angles for the PMNS mixing matrix, and 
then check their parametrization-dependence and -independence in the previ- 
ously mentioned nine different angle-phase parametrizations, by confronting 
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and tribimaximal mixing (TB) [TT] 
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with latest experimental results. 



We start from a latest global fitting result of the PMNS mixing matrix [1~3"|T5] , 
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which is obtained from a global fitting of neutrino mixing angles based on 
previous experimental data and T2K and MINOS experiments (la (3a)) [15] 
together with an Ansatz of a null CP violating phase angle [IB] . In our analysis, 
we calculate the mixing angles of the nine angle-phase parametrizations with 
matrix elements that are independent of the phase angle. For example, from 
the PI parametrization, we have, 
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thus we get the corresponding values of the mixing angles. The results are 
listed in Table [U Notice that there is no information on the CP violating 
phases of both Dirac and Majorana types for neutrinos from the experiments 
at present. 

From Table [U we can see that there are three kinds of self-complementarity 
relations (SC) [H] satisfied numerically in five angle-phase parametrizations. 
Explicit forms of the self-complementarity relations are underlined in the third 
column of the table and can be summarized as follows: 



(1) the first kind, which works in the P4 parametrization, suggests, 

0< + #j = $k = 45°; 

(2) the second kind, which works in the PI and P9 parametrizations, sug- 
gests, 

$i + &j = $k] 

(3) the third kind, which works in the P3 and P6 parametrizations, suggests, 

di + ^j =45°. 

In the above relations, i, j and k denotes different mixing angles. For the PI 
parametrization, which corresponds to the standard parametrization with a 
slight difference in phase convention, we adopt ij to denote different mixing 
angles as in most literature. In fact, the first kind relation has been proposed 
by Xing in Ref. [IE] from the viewpoint of adopting a democratic correction 



4 



Table 1 

The angle-phase parametrizations and self-complementarity relations 
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to the tribimaximal pattern, and it has been also suggested in Ref. [H] from 
pure phenomeno logical consideration based on the T2K result. 

We start with the first kind of self-complementarity relation in the P4 parametriza- 
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tion. With 
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Combined with global fitting results [15], we get 
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As we have seen in Table [U the self-complementarity relations are depen- 
dent on parametrizations. Though elements of the mixing matrix cannot be 
measured independently yet, getting the expressions of reparametrization- 
invariant form of the self-complementarity relations can be used to check the 
numerical relations to see how they work in general. This may have the poten- 
tial of giving clues to find or build some underlying theories that can produce 
such kind of relations. 



From Eq. ([7j), we have 
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Substituting the trigonometric function with the moduli of the matrix ele- 
ments in the following expressions, 
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we have, 
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With application of the unitarity relation of the first row of the PMNS matrix, 
namely, 

\U el \ 2 + \U e2 \ 2 + \U e z\ 2 = l, 
to eliminate |t/ e2 |, we can get, 
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In similar way, we can work out the reparametrization-invariant form of other 
kinds of self-complementarity relations as in the PI, P9, P3 and P6 parametriza- 
tions. It is helpful to see how these expressions work with the global fitting 
results of the PMNS matrix, so we list the results in the third column of 
Table [2J 
Table 2 

The reparametrization-invariant forms and their verification with the numerical 
values from the global fit of the PMNS matrix 

parametrization self-complementarity relations numerical values from the global fit 
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We see that the self-complementarity relations agree with the data in the 
la (3a) error range. Besides, we can see that for central values, the first kind 
of the self-complementarity relation in the P4 parametrization agrees well with 
the data. As it is not an exact expression, we introduce small deviation angles 
denoted as a, j3, which satisfy 

tan(#! + 3 + a) = 1, tan(i? 2 + P) = 1. (15) 

From the global fit [15], we get a = (1.86±|;|^)° f3 = (0.92±g;^)° in the 
P4 parametrization and see that a, (3 are indeed small. Notice that Eq. ([15!) 
is parametrization-dependent. As the matrix elements are reparametrization- 
invariant, it is useful to deduce the expressions of the deviations and the 
matrix elements. The following expressions hold exactly and a, /3 can be used 
to check the validity and generality of the self-complementarity relations, 
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For the self-complementarity relations in other parametrizations, we can in- 
troduce similar parameters to check the deviations of these relations from 
experimental global fit. 

Several constant matrices are used as the zeroth-order approximation of the 
neutrino mixing matrix. Based on the constant matrices, theories of flavor sym- 
metry are proposed separately. We consider four constant matrices, namely, 
bimaximal, hexagonal, tribimaximal and democratic mixing patterns, all of 
which have a vanishing #13 when working out the corresponding mixing angles 
in the standard parametrization. Assuming the self-complementarity relation 
is exact, we apply it to get corrections to #13 in the four constant mixing 
matrices and list the results in Table |3j 

With the T2K results [3], 

^3 = (9.685™)° (NH), ^3 = (10-986™)° (IH) 
and global fitting results [T5] . 

#13 = 8.33° ± 1.40° (±4.40°), 

we find that: (1) the self-complementarity correction is compatible with the 
data in the error range of T2K results except for the bimaximal mixing, which 
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Table 3 

The predictions of #13 from the self-complementarity relation in constant mixing 
matrices 



mixing matrix 


mixing angles 


013 from the self-complementarity relation 
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satisfies the self- complementarity relation and needs no correction; (2) the 
corrections to #13 in the tribimaximal mixing and democratic mixing are both 
close to the global fit result. There are a number of experiments to measure 
the neutrino mixing angle #13, with primary data already [3] or still under 
data taking processes jl]. These future measurements with improved precision 
can test the above different predictions. 

Also we could start with the self-complementarity relation and seek for a 
constant matrix as a new mixing pattern as in Ref. [H], and the resulting 
matrix can provide better description to the data than other constant matrices. 

In summary, we investigate the self-complementarity relations of mixing an- 
gles of lepton mixing matrix in nine different angle-phase parametrizations, 
work out the corresponding reparametrization invariant expressions, and make 
some discussions on deviations of these relations from experimental global fit. 
We find that the self-complementarity relations agree with the latest experi- 
mental results and can make compatible prediction when combined with some 
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available constant matrices. They may also lead to perspective of new mixing 
pattern of neutrinos. Better understanding of the self-complementarity rela- 
tion may shed light on the mysterious feature of neutrino mixing and possible 
underlying theory behind these phenomenological regularities. 

We are very grateful to Ya-juan Zheng and Zhi-zhong Xing for discussions. 
This work is partially supported by National Natural Science Foundation of 
China (Grants No. 11021092, No. 10975003, No. 11035003, and No. 11120101004) 
and by the Research Fund for the Doctoral Program of Higher Education 
(China). 

Note added: There is a novel measurement of the neutrino mixing angle #13 
by the Daya Bay Collaboration [T7], with sin 2 28 13 = 0.092 ± 0.016(stat) ± 
0.005(syst) of a significance of 5.2 a, and the corresponding angle is #13 = 
(8.828 ± 0.793(stat) ± 0.248(syst))°. The value of 9 13 in our analysis is based 
on the global fit in Ref. [15], with 9 13 = (8.332 ± 1.399(±4.396))° which corre- 
sponds to sin 2 20i3 = 0.082 ± 0.027(±0.084). Therefore our analysis are com- 
patible with the new data and we do not expect deviation from the conclusion 
in this work. 
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